CHAPTER 1L
ELEMENTARY COMBINATIONS.

DireEcTioNnal RELATION CONSTANT.

Crass A. | Virocity RaTio coNsTANT.

Drvision A, COMMUNICATION OF MOTION BY ROLLING
CONTACT.

41. Ix rolling contact it has been shewn that the point
of contact is always in the line of centers; and the angular
velocities are inversely as the éegments into which the point
of contact divides that line. Therefore if the velocity ratio
is constant, the segments must be constant, and the curves
become circles, revolving round their centers, and whose
radii are the segments, and no other curves will answer the

purpose.

Let R be the radius of the driving circle, and » that of
the following circle; L and / their synchronal rotations ; then
as they are (by § 20) in the ratio of the angular velocities :

L
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This ratio will be preserved, whatever be the absolute
veloclty of the driver, but when this is uniform, which is

generally the case, let P and p be the respective periods of
the driver and follower ;

1 The motions being supposed hitherto to be in the same
ar ¥ : * : 1;
Plane, the axis of rotation of the cireles will be paraliel,
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42. When the axes are parallel. Let Aa, Bb be

two parallel axes, mounted in any kind 10
of framework that will allow them to 4
revolve freely, but retain them parallel

to each other at a constant distance,
and prevent endlong motion, and let
two cylinders or rollers, £, ', be fixed
opposite to each other, one on each
axis, and concentric to it; the sum
of their radii being equal to the distance of the axes. The
cylinders will therefore be in contact in all positions, and if
one of these axes, and conséquently its attached cylinder, be
made to revolve, its superficial motion will be communicated
to the surface of the other cylinder by the adhesion of the
parts which are brought successively into contact; and thus
the second cylinder will be driven by the first by rolling
contact, and their perimetral velocities will be equal.

Let R be the radius of the driver, and 7 of the follower;
then a section of the cylinders, made by a plane passing
through them at any point at right angles to the axis, will
present a pair of circles in contact, whose radii are R and 7;
l

and therefore, as before,

P | R
p L 7’

which is indeed manifest, for since the same length of cir-

cumference of the dr_ivé_r and of the follower passes the line

of centers* in the same time, let M .circumferences of the
driver, equal m . circumferences of the follower ;

QwRM—-ﬂqrfrm, and ﬂ-! 7

om R

* The line of centers is the right line which joins the centers of motiol
as already stated, and, in the case of rolling circles, passes through their point
of contact. The plane of centers is the plane. which contains the two axe$
whether they be parallel or intersect. These two phrases are of continual use.
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But the number of circumferences that pass a given point
measure the number of revolutions of the wheel ;

M L
Rl s %, as beforg.

43. If the axes of rotation be not parallel, they may
either meet in direction or not, and these cases must be
considered separately.

Axes meeting. Let AB, AC be two axes of rotation

intersecting in 4,

to which are attached cones ABE, AEC, whose apices coin-
cide with 4, and which have angles at their vertices of such
2 magnitude that their surfaces are in contact. Let 4E be
the line of contact, and Dbe, ecf sections of the cones at
any point ¢ of the line and respectivel; perpendicular to
their axes, which sections are necessarily circles touching at
¢ Whose radii are be, ce. If angular velocities 4, a be given
to the cones ABE, AEC, the perimetral velocities of these
sections will be 4.be and a.ce, and if these are equal,

A ce CE

a "%~ BE
A constant ratio. If then the perimetral velocities of any pair

of corresponding sections be equal, those of every other such
3
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‘pair will be equal; therefore the cones will roll together as
in the former case, and the ratio of the angular velocities
be inversely as the radii of the bases of the cones.

44. In practice, a thin frustum only of each cone is
employed. Let the position of the axes be given, and also
‘the ratio of the ar.tgulﬁr velocities, it is required to describe
the cones, or rather the frusta.

Let AB, AC be the axes in-
tersecting in 4. Through any
point D in AB draw DF pa-
rallel to AC, and make DF : AD
in the ratio of the angular ve-
locity of 4B to that of AC.
Join AF, then will 4AF be the
line of contact of the two cones,
by means of which the required
frusta may be described at any
convenient distance from 4,

f DF sin DAF
4D - sin AF D

‘sin DAF BG

- ‘sin FAC ~ CG

that is, the angular velocities are in 1 the ratio requlred by
last Amcle

Cor. The. angles at the vertices of the ennes ‘may be
readlly found thus:

Let 0 be the angle BAC, « the semmngle of the vertex of

: m _
the cone of 4B, ; the given ratio of the angular velocities;

Sy e = — 5 (m being the less)
_ sm.ﬂl_?g,. w2 :
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sin @
n

— 4+ cos 0
m

which may be adapted to logarithms by taking a subsidiary

whence tan x =

L]
L]

angle ¢, so that cos ¢ = E cos 0 ;

m sin O
whence tan x = - - p .
2

2n cos?

If 6 be a right angle, which is generally the case, then
m
tan x = —.
n
45. Axes neither parallel nor meeting. The hyper-
boloid of revolution is a well known surface, generated by
the revolution of a straight line about an axis to which it is
Not parallel and which it does not meet*. If two such

hyperboloids EF be placed so that their generating lines

coincide, the solids will touch along this line, and their
axes da, Bb will neither be parallel nor meeting in di-
Fection,

If the solids revolve about their axes, the contact will
plainly continue throughout this line; and that they may
be 3o proportioned as to roll together, can be shewn as
follows,

Let AB, CD be the axes of rotation, ab, cd their re-
SPective projections upon a plane to which they are both

G * Vide Newton’s Universal Arithmetic, Prob. 33. Hymers® Analytical
Cometry, p. 1425 or any Treatise on Analytical Geometry.

3—2
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parallel ; gk their common perpendicular®* produced to
14

meet the plane in M; EF a line intersecting gk in A, and
also parallel to the plane and projected in ef.

Let EF revolve round 4B to generate one hyperboloid,
and round CD to generate the other; then EF will be
their line of contact. From any point E let fall EA,
EC, perpendiculars upon 4B and CD.

Now as the hyperboloids are solids of revolution, these

lines AE, CE will be the radii of a pair of circles in con-
tact at F.

Draw Cp parallel to ce, therefore Ep = hk and Cp=ce ;
whence EC? = hk? + ce?’; and similarly AE? = gh® + ae®

ce hk EC Lk

| If therefore 2o g e have —— = pys
a constant ratio for every corresponding pair of circles;
whence it follows, that if the superficial velocities be equal at
any point of contact, they will be equal at every other; and

- » . A 'r
as in the cones, the angular velocity ratio — = —, where r
a

and R are the corresponding radii of the hyperboloids.

* Vide Playfair’s Geometry, Sup. B. 11. Prop. xix.
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46. But in rolling cones, the perimeters‘uf r-:-vury cor-
responding pair of circles move H.l the same d]I'E:Ctlﬂ;ll at the
point of contact, although the circles are _nnt in the sa.me
plane; for the radii of contact are ptjrpendlcu?ar to th‘c line
of intersection of the two planes which contain the mrcl:es,
and consequently the tangents at the point of contact coin-
cide with that line and with each other. On the contrary,
this is not the case in rolling hyperboloids.

For the circles whose radii are CE, AE, lie in planes
whose intersection is the line Ee; and the tangents to these
circles at the common point £, plainly cannot coincide either
with that line or with each other; so that the motion of the
surfaces is not in the same direction, and the rolling action
is imperfect, and the more so the greater the angle ECp,
that is, the greater the distance g% between the axes; for
as this distance diminishes, the hyperboloids approach to a

pair of cones whose common apex is A.

47. 1In practice, as in the case of cones, a thin
frustum only is required of each hyperboloid, and these
frusta include so small a portion of the curve surface,
that a frustum of the tangent cone at the mean point
of contact may be substituted without sensible error ; and
this may be found as follows :

Let CK be the axis of the
given hyperboloid; CK = NP~y "\ 0 {
the mean distance of the required LIRSS S
frustum from the center C, KP =
CN=1F its radius; C4 =a the least
radius of the hyperboloid and semi.

. c

axis-major of its generating hyper- \ / S

bola pAP; all which may be found IT’

when the position of the axes and /
P

ratio of the angutar velocities are

iven in ' *
g any particular case, by the last proposition; observ-






